PRICING AMERICAN OPTIONS IN A MILD STOCHASTIC ENVIRONMENT

1.Introduction
The problem of pricing derivative financial products is central to the theory of capital markets. An option is a financial contract conveying its owner the right of buying or selling a financial asset (underlying asset) at a preset strike price K, at a fixed expiration date T (maturity). Unlike European options, which can be exercised only at maturity date, an American option can be exercised at any time t prior to the maturity date. Most of the option pricing methods, starting with the well-known Black-Scholes model (1973) , are based on the assumption that the market uncertainty can be modeled by a Wiener process. In this context, while it is possible to obtain convenient analytical option pricing formulae for European options, it is very difficult to obtain "exact" results for American options. In the present paper, we assume that the market uncertainty is modeled by a more regular stochastic process, which was called, by A. Halanay, a mild stochastic environment. In this context, we are able to obtain precise stopping rules, determining the exact exercise time and the exact price of an American option.
The "Mild Stochastic Environment" (MSE) hypothesis
The concept of mild stochastic environment was proposed by the late Professor Aristide Halanay from the University of Bucharest, Romania. It refers to the stochastic process obeyed by the underlying stock price, which is supposed to satisfy the assumption:
Under this assumption, the price of a derivative product (e.g. call or put) satisfies a first order partial differential equation, unlike in the case of the Black-Scholes model, where the corresponding partial differential equation is of second order. This feature leads to simpler option pricing formulae for European, as well as American options. In the paper Samuel (1999), we obtained for the "fair price" D of a European derivative product on a stock S the formula:
where D(t,S,T) represents the price at time t of a derivative product of maturity T on a stock having the price S, and R(S) represents the "reward" or the price at maturity of the derivative (i.e.
R(S) =D(T,S,T))
. This reward represents a boundary condition for the partial differential equation satisfied by the derivative price. Thus, in the case of a European call, we have R(S) = max{S-K, 0}, where K is the exercise price and, accordingly, we found for the price at time t of a European call of maturity T on a stock having the price S the formula
c(t,S,T)= max{S-K exp[-r(T-t)],0}.
For the European put, the reward is R(S) = max{K-S, 0} and the price at time t of a European put with maturity T on a stock having the price S is
p(t,S,T) = max{K exp[-r(T-t)]-S, 0}.
Relationships between European and American call and put prices
Certain general relationships between European and American call and put prices are valid, irrespective of the stochastic process obeyed by the stock price. We shall list here some of these relationships, following Hull (2000) . We use the following notations: K-exercise price; S-price of the underlying stock; c = c(0, S,T)-price of the European call of maturity T; C= C(0,S,T) -price of the American call of maturity T; p = p(0, S,T) -price of the European put of maturity T; P = P(0,S,T) -price of the American put of maturity T; r -interest rate, assumed to be deterministic and constant.
Lower and upper limits :
; We remark that, in the special case of the MSE, the European call and put prices, given in the previous section, coincide with the lower limits that appear in formulas 4 and 5 above.
4.American call and put price on a non-dividend -paying stock (in a MSE)
As we saw in section 2, the price at time t of the European call of maturity T is
c(t,S,T)= max{S-K exp[-r(T-t)],0}.
In order to find the optimal exercise time (stopping time), we have to compare, at each time
that would be obtained if the call were exercised at time t, with (the value of the option, if not exercised at t).
Therefore, while t<T, it is always advantageous to keep the call option. Eventually, it is optimal to exercise the call at maturity date T and, therefore,
As concerns the put option, the situation is symmetrical; if it were exercised at any time t>0, the return would be (assuming that ); the price of the European put at
The difference is ; it is positive for any 0<t<T and decreasing. Therefore, it is optimal to exercise the put option as early as possible. The maximum return is obtained if the option is exercised at t=0 and is equal to (if ). Therefore,
Therefore, if the underlying stock pays no dividends, the American call behaves like the European call and, consequently, has the same price. This result coincides with that obtained for American calls in the Black-Scholes setting (see, e.g. Hull (2000) . As concerns American puts on stocks paying no dividends, it is generally accepted that early exercise is desirable, but analytical results are difficult to obtain in the Black Scholes setting. In the MSE environment, we were able to deduce an exact result, namely that exercise at t=0 is optimal.
Price of an American call on a stock with one known dividend
In this section, we shall derive a formula for the valuation of an American call on a stock which pays one known dividend. We assume that, at the ex-dividend instant , the stock pays a dividend D, which induces a stock price decline of
We also assume that the stock price net of the escrowed dividend , S, obeys the MSE hypothesis. If we denote by the stock price cum dividend, then 
t t ≥
For
we compare the return which could be obtained by exercise at that time :
, with the price of a European call having maturity date : .
Obviously, the second price is larger, therefore, exercise prior to cannot be optimal. 
It follows that, if
, then it is optimal to exercise the American call just prior to ; its value is that of a European call with maturity and "reward"
, then it is optimal to exercise the American call at maturity T; in this case, obviously, its value coincides with that of the European call, namely
and both and T are optimal exercise times.
* t
Price of the American put on a stock paying one known dividend
As in the previous section, we assume the stock price net of dividend, , obeys a MSE type stochastic process.
t S
We can view the American put as a family of European put options, indexed after the maturity date t ( 0<t<T). For such a European put, the "reward" is:
is the price at time τ of the European put of maturity t. If t< and
Consider
. If the American put were exercised at time
τ the return would be . We compare this with the price of a European put of maturity t< :
.
, ( * We see that the value of the European put is smaller, hence there is no point to keep the American put and exercise it prior to . * t We compare now the return at time with the price of a European put of maturity . We have
The above function is decreasing with respect to t; its maximum value is obtained for t= , therefore it is not reasonable to keep the American put after .
The function ( )
is increasing with respect to τ ; its minimum value is obtained for t=0:
then it is optimal to exercise the American put at t=0 .
In this case,
, then it is optimal to exercise the American put at t=
If the above condition is satisfied, then either t=0 or t= are optimal exercise times .
; in this case, the optimal exercise time is t=0 .
, then and the optimal exercise time is t= . 0 ) , , 0 (
Conclusions
American derivative securities are more difficult to value than European derivatives, because at every instant, for American derivatives, there is a positive probability of premature exercise. Most existing results concerning the valuation of American call and put options refer to the setting proposed by the seminal paper of Black and Scholes (1973), namely they are based on the assumption that the stock price follows geometric Brownian motion. In this context, while a convenient analytical formula could be derived for the price of a European call or put option, it is very difficult to find analytical formulae for an American derivative. Although there are a number of such results ( e.g. the papers of Roll (1977) , , Geske and Johnson (1984) ), most procedures developed for the valuation of American derivatives are numerical approximations. In the present paper, we tackle the problem of valuating American calls and puts in the mild stochastic environment setting. This assumes a more regular stochastic process followed by the stock price and, as a result, the formulae giving the price of a European call or put are linear with respect to the stock price. This property allows a precise determination of exercise times and, consequently, of exact analytical valuation formulae.
Thus, for an American call of maturity T on a stock paying no dividends, the optimal exercise time is the maturity date, therefore the price of the American call coincides with that of the European call having the same maturity date. If the stock pays a known dividend at a known time , then the optimal exercise time is or T, depending on the size of the dividend.
For an American put of any maturity, on a stock paying no dividends, it is optimal to exercise at t=0. If the stock pays a known dividend at a known time , then the optimal exercise time is t=0 or t= , depending again on the ratio between the size of the dividend and the exercise price.
